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Structured light pulses and their Lorentz-invariant mass
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Lorentz-invariant mass and mean propagation velocity have been found for structured light pulses
in vacuum considered as relativistic objects. We solved the boundary problem for such widely known
field configurations as Gauss, Laguerre-Gauss, Bessel-Gauss, Hermite-Gauss, and Airy-Gauss ones.
The pulses were taken having the finite duration temporal envelope. We discovered that Lorentz-
invariant mass and mean propagation velocity significantly depend on the spatial-temporal structure
of pulses. We found that mean propagation velocity is independent of the full energy of the pulse
and is smaller than the speed of light.
I. INTRODUCTION
Infinitely extended in space and time electromagnetic
plane waves propagate in a vacuum with the speed of
light. But in reality electromagnetic fields have the form
of light pulses with finite energy, duration, and occupy
finite spatial volume. Moreover, light pulses can have
a specific space-time structure, which can impart these
pulses with unique properties. Theoretical and experi-
mental research of structured light pulses has been per-
formed for decades. This field of optics is proved to be
a fruitful area for practical applications in the fields of
quantum information, spectroscopy, particles state con-
trol, etc. (for instance, see reviews [1–3] and reference
therein). Recently it was discussed that some specific
types of structured light propagate in vacuum with mean
propagation velocity smaller than the speed of light [4, 5].
This conclusion was confirmed in various experiments in-
volving quantum states of the light [6]. In work [7] au-
thors emphasized that nontrivial configuration of spatial
structure of the structured light leads to the deviation
of its mean propagation velocity from the speed of light
in vacuum c. However, the problem of mean propaga-
tion velocity of light pulses in a vacuum can be attacked
also from a different point of view. In accordance with
Fourier analysis, a light pulse consists of a very large
number of plane waves. One may associate these plane
waves with photons. These plane waves propagate with
the speed of light, c, but in different directions. Thus, the
whole pulse is a result of interference of plane waves in
superposition. Consequently, mean propagation velocity
of pulses can be defined as a weighted superposition of
velocities of individual plane waves. It was proved [8, 9]
that the defined in this way mean propagation velocity
is smaller than the speed of light in vacuum. This ap-
proach is analogous to the problem of propagation of a
group of particles in Special Theory of Relativity, includ-
ing group of photons. In relativistic physics the mass of
an arbitrary group of particles [10–12] is defined by the
total energy of this group, ε, and its momentum, ~p:
m2c4 = ε2 − c2~p2 (1)
Note, that for a single photon equation (1) gives zero
mass, as it has to be. On the other hand, let us consider
as an example a pair of photons with equal frequencies
but non-collinear wave vectors. Their scalar product is
given by (~k1 · ~k2) = ω2/c2 cos(θ), θ ∈
(
0, π
]
. The total
momentum of a photon pair is a vector with the absolute
value smaller than total energy of the photon pair di-
vided by c. In accordance with (1) the considered system
of photons can be characterized by its Lorentz-invariant
mass equal to
m =
2~ω
c2
sin
(
θ
2
)
(2)
The physical meaning of Lorentz-invariantmass is related
to the mean velocity of a group of particles as a whole,
the absolute value of which is given by:
v =
c2|~p|
ε
= c
√
1− m
2c4
ε2
(3)
One can treat an arbitrary light pulse as a system consist-
ing of photons, where a number of photons in the classical
limit is very large. Thus, one can apply the concepts of
Lorentz-invariant mass and mean propagation velocity to
arbitrary light pulses [8, 9].
In the present work, we calculate mean propagation ve-
locity in accordance with Eq.(3) and Eq.(1) of localized
light pulses specified by their spatio-temporal structure.
In section (I.A), we start our analysis from most gen-
eral perspective by defining relation between Lorentz-
invariant mass and light pulse’s electric field Fourier im-
age. In the section (II.B), we define pulse’s electric field
component by setting the boundary problem. Bound-
ary field is factorized on spatial and temporal functions
which have the most general mathematical form. We
completely describe pulses by their boundary problem
using well-known methods of Fourier optics. In the sec-
tion (2) we specify structure of our pulses considering
boundary conditions related with common types of struc-
tured light beams. It is worth to mention that all effects
connected to mass and mean propagation velocity ap-
pear most clearly beyond the limits of paraxial approx-
imation (see discussion in the section (III.B)). Thus, we
2perform numerical calculations of all pulse features for
all considered examples. Based on these examples, we
demonstrate that mean propagation velocity is smaller
than c for any considered pulse types and determined by
its spatio-temporal structure.
II. LORENTZ-INVARIANT MASS OF AN
ARBITRARY LIGHT PULSE.
A. General description
In this section, two problems are considered. First, we
derive a general expression of Lorentz-invariant mass of
light pulses in a vacuum. Second, we discuss a propa-
gation of an arbitrary pulse in the space-time domain,
defined by its boundary problem for the electric field of
the pulse. It will be demonstrated how the Fourier image
of the boundary conditions can be used for calculation of
Lorentz-invariant mass.
In works [8, 13], authors derived a method of calcula-
tion of Lorentz-invariant mass for the case of Gaussian
light pulse propagation in a vacuum. It was shown that
Lorentz-invariant mass is defined by a pulse spectrum
| ~E
(
~k
)
|, where ~E
(
~k
)
is a Fourier image of a pulse elec-
tric field in the space-time domain:
E (~r, t) =
1
(2π)
3
2
∫
~E
(
~k
)
e−i
~k~reiω~ktd~k, (4)
where in accordance with Maxwell equations, ω~k =
c
√
k2z +
~k2
⊥
. In terms of Fourier images of ~E
(
~k
)
energy
and momentum of a pulse are given by:
ε =
1
2π
∫
| ~E
(
~k
)
|2d~k,
~p =
1
2πc
∫
| ~E
(
~k
)
|2
~k
|~k|
d~k. (5)
These equations and (1) yield the following general ex-
pression for Lorentz - invariant mass:
m2 =
1
(2πc2)
2
[(∫
| ~E
(
~k
)
|2d~k
)2
−
(∫
| ~E
(
~k
)
|2
~k
|~k|
d~k
)2 ]
(6)
At once, there is important family of beam models fre-
quently used in optics of structured light. For this family
of beams spatial spectrum possesses an axial symmetry
with respect to the propagation axis. Models having the
axial symmetry are stemmed from Helmholtz equation
in a paraxial limit in the cylindrical coordinates (e.g. see
book [14]). Spectra of such beams directly depend on
the absolute value of transverse component of a wave
vector ~E
(
~k
)
= ~E (k⊥, kz). It is evident that the men-
tioned symmetry of a spectrum ~E
(
~k
)
determines which
component of the wave vector has the most significant
contribution to the momentum calculation and, conse-
quently, to the mass. Thus, owing to the axial symmetry
of the spectra, calculation of the mass is simplified, due
to vanishing transverse components of the momentum in
(6):
m2 =
1
(2πc2)
2
[ ∫
| ~E
(
~k
)
|2
(
1− kz|k|
)
d~k
×
∫
| ~E
(
~k
)
|2
(
1 +
kz
|k|
)
d~k
]
(7)
B. Boundary problem
In previous section we derived most general form of
Lorentz-invariant mass which is completely defined by
pulse Fourier image ~E
(
~k
)
of a electric field. In turn,
~E
(
~k
)
can be specified by boundary conditions for elec-
trical field transverse components. To complete pulse
description one needs to derive Ez component and mag-
netic field from Maxwell equations. In experiment, one
can construct optical system with lenses, phase plates,
nonlinear elements, etc. to give one or the other spatio-
temporal structure. For instance, action of linear opti-
cal elements are especially straightforward in the Fourier
space and reduced to algebraic transformation of field’s
Fourier image at some plane. We apply Fourier optics
methods which are commonly used and proved as one
of the most effective tools to describe the light pulse in
space by its boundary problem ([14]).
Now let us turn to the boundary problem and specify its
form. Let pulse’s electric field component at the plane
z = 0 be defined as follows:
~E⊥ (~r⊥, t, z = 0) = ~A (x, y)T (t, ω0) (8)
here ~A (x, y) is spatial part, T (t, ω0) represents a tempo-
ral function depending on the carrier frequency ω0. We
choose T (t, ω0) = T (t) sin (ω0t), where T (t) is a real
finite function (a temporal envelope) which commonly
slowly varies with respect to highly oscillating sin (ω0t)
function of carrier frequency. Let us perform Fourier
transform of (8) with Fourier images are considered in
a (~k⊥, ω) domain:
~E⊥
(
~k⊥, ω
)
|z=0 =
∫ ∞
−∞
∫ ∞
−∞
~A (x, y) ei
~k⊥~rd~r⊥
×
∫ ∞
−∞
T (t) sin (ω0t) e
−iωtdt (9)
One commonly operates with the complex representation
of electromagnetic filed. To obtain correct form of a field
one needs to take a real part of a complex field vector. In
3order to presume correct form of a field in complex rep-
resentation, the Fourier image (9) should satisfy specific
restrictions ([14]). The detailed discussion of imposed re-
strictions on Fourier image of temporal part is given in
section (III.A). Now, our goal is to determine the field in
the whole half-space z ≥ 0. We multiply the Fourier im-
age of the boundary conditions ~E⊥
(
~k⊥, ω
)
on the trans-
fer function h
(
~k⊥, ω, z
)
. Consequently, this Fourier ex-
pansion yields:
h
(
~k⊥, ω, z
)
= e
i
√
ω2
c2
−~k2
⊥
z
(10)
It worth to emphasize that it is especially useful to oper-
ate with Fourier images of field in ~k⊥, ω domain describ-
ing localized pulses, particularly in context of Lorentz-
invariant mass calculation. Thus, we imply that kz =√
ω2/c2 − ~k2
⊥
in accordance with the dispersion equation
and fix the direction of the pulse propagation, kz > 0.
Frequently, structured light pulses and beams are con-
sidered within the limits of paraxial approximation. In
this case, one assumes that |~k| ≪ kz. In the present work
we are not bounded by limits of paraxial approximation
for obtained field in z > 0. We will show that effects
related to Lorentz-invariant mass and mean propagation
velocity are appeared more clearly when divergence of
a pulse is significant. That is equal to the fulfillment
of w0 ∼ λ0, so small w0 should be understood in this
context as w0 < 50λ. In this case our calculations can
be performed only numerically. Thereby, the resulting
Fourier image of the pulse is:
~E⊥
(
~k⊥, ω
)
= h
(
~k⊥, ω, z
)
~E
(
~k⊥, ω
)
|z=0 (11)
Now we can use Maxwell equation div
(
~E~r,t
)
= 0 to find
Ez
(
~k⊥, ω
)
component of the field:
Ez
(
~k⊥, ω
)
= −
kxEx
(
~k⊥, ω
)
+ kyEy
(
~k⊥, ω
)
√
ω2
c2 − ~k2⊥
, (12)
This consequently gives ~E
(
~k⊥, ω
)
.
At the third step, we restore the electromagnetic field
in a space-time domain z ≥ 0 by performing inverse
Fourier transform in equation (11). It yields:
~E(~r, t) =
1
(2π)
3
2
∫
~E
(
~k⊥, ω
)
e−i
~k⊥~reiωtd~k⊥dω (13)
In its turn, the magnetic field must be defined as follows
~H (~r, t) =
∫ [c~k × ~E (~k⊥, ω)
ω
]
e−i
~k⊥~reiωtd~k⊥dω, (14)
where kz =
√
ω2/c2 − ~k2
⊥
. On the next step we cal-
culate the field for the z ≥ 0 and any time moment
t using ~E
(
~k⊥, ω
)
Fourier image, we can obtain a con-
nection with Fourier image ~E
(
~k⊥, kz
)
. Owing to kz =√
ω2/c2 − ~k2
⊥
, we make the variable change in integral
(4):
~E (~r, t) =
1
(2π)
3
2
∫ ω ~E (~k⊥, kz (ω))
c2
√
ω2/c2 − ~k2
⊥
×e−i
√
ω2/c2−~k2
⊥
ze−i
~k⊥~reiωtd~k⊥dω (15)
At last, one can find the connection between spectra by
direct comparison of the fields in (15) and (13). As a
result, we have:
~E
(
~k⊥, kz (ω)
)
= ~E
(
~k⊥, ω
)
|z=0
c2
√
ω2/c2 − ~k2
⊥
ω
(16)
It permits one to get Lorentz-invariant mass from the
Fourier image of the boundary conditions for various
types of light pulses. One needs to calculate the Fourier
image of the pulse’s boundary condition and substitute
it into the integral (6) after the variable change similar
to (15). Calculation of the mass has an especially ele-
gant form in the case of pulses with the axial symmetry
of the spectrum. It can be noticed in (7) that, in fact,
this calculation can be reduced to the calculation of the
following integral:
pz,sym = c
∫
| ~E
(
~k⊥, ω
)
|2z=0
(
1−
~k2
⊥
c2
ω2
)
d~k⊥dω (17)
Consequently we can write:
m =
1
c2
√
ε2 − c
2p2z,sym
4π2
(18)
In the next section, we examine Lorentz-invariant
mass and mean propagation speed of light pulses
with well-known spatial profiles coincident with the
Laguerre-Gauss, Bessel-Gauss, Hermite-Gauss beams at
the boundary plane z = 0.
III. LORENTZ-INVARIANT MASS AND MEAN
PROPAGATION SPEED FOR THE
GAUSS-FAMILY PULSES.
A. Temporal part of the boundary conditions
In [8, 9, 13] a model of a pulse with a Gaussian form
of spatial and temporal envelopes was considered. It is
a good approximation of the real pulses, especially in
paraxial approximation, but formally such pulse has infi-
nite duration. In contrast, here we adhere to model of the
pulse which has finite duration in the time domain. In
4accordance with (9) Fourier image of temporal function
reads
S˜ (ω) =
∫ ∞
−∞
T (t) sin (ω0t) e
−iωtdt (19)
Note, that T (t) sin (ω0t) is the real function. It is im-
posed that S˜ (ω)∗ = S˜ (−ω). Let us specify the model
of the temporal envelope T (t) with finite duration. For
simplicity, we choose:
T (t) =
{
1 if t ∈ [0, tp]
0, otherwise,
(20)
where, tp is a pulse duration. In accordance with (9),
straightforward calculation of Fourier image of a tempo-
ral part reads:
S˜ (ω) =
(−i) tp
2
e−
iωtp
2
[
e
iω0tp
2 sinc
(
(ω0 − ω) tp
2
)
−e−iω0tp2 sinc
(
(ω0 + ω) tp
2
)]
(21)
One needs to change Fourier image of temporal function
of a field (21) to operate correctly with the complex rep-
resentation (or analytical signal) as follows:
S (ω) −→
{
2S˜ (ω) if ω ≥ 0
0, otherwise
(22)
The width of S (ω) is determined by pulse duration . We
assume that parameter ω0tp ≫ 1 i.e. the duration of
pulses is quite big. Thus, one may assume that S (ω) has
nonzero values at the interval with the center at ω0 and
the width ∼ 1/tp.
Given model of the pulse’s temporal part significantly
differs from Gaussian envelope modulated with highly-
oscillating function exp
(
− t22t2p
)
sin (ω0t), which was uti-
lized previously in [8, 13]. The main difference is that
the Fourier image of the latter has only imaginary part
which is non-zero. In contrast, if a temporal envelope
has the finite time duration then its Fourier image con-
sists of an imaginary and real part. This fact does not
significantly affect Lorentz-invariantmass calculation of a
single coherent light pulse. However, as we believe, it can
be important in the analysis of superposition of pulses,
including partially-coherent and incoherent cases, as well
as analysis of chirped pulses.
B. Spatial part of the boundary conditions
Once the temporal part is determined, we consider the
spatial profile of the pulses. As a first example, let us con-
sider pulses with axial symmetry. We specify pulse type
by its spatial profile of the boundary conditions which
are being chosen as the complex amplitude of Laguerre-
Gauss (LG) and Bessel-Gauss (BG) beams at the plane
z = 0, respectively:
~ALG (ρ)|z=0 = CLG~eφ
(
ρ⊥
w0
)l
e
−
ρ2
w20 Llq
(
2ρ2
w20
)
e−ilφ
~ABG (ρ)|z=0 = CBG~eφJ1 (βρ) e
−
ρ2
w2
0 , (23)
where CLG and CBG are normalization constants ρ =√
x2 + y2, w0 is a pulse waist at the plane z = 0, which
is assumed to be the same for both types of pulses. Lql (.)
are generalized Laguerre polynomials and l,m are posi-
tive integer numbers. We choose azimuthal polarization
~eφ for both cases of boundary conditions of pulses. It is a
common choice for beams satisfying paraxial Helmholtz
equation in the cylindrical coordinates [15–18].
Another important type of boundary conditions is
stemmed from Hermite-Gauss and Airy-Gauss beams
[19].
AHG = ~e45◦CHGHl
(√
2x
w0
)
e
−
x2
w2
0Hq
(√
2y
w0
)
e
−
y2
w2
0 ,(24)
where l, q are, again, positive integers. ~e45◦ =
1/
√
2 (~ex + ~ey) denotes linear polarization. The case of
Airy-Gauss is given by
AAG = ~e45◦CAGAi
(
x
w0
)
e
−
x2
w20Ai
(
y
w0
)
e
−
y2
w20 , (25)
,where Ai (.) - is Airy function.
Now, let us calculate Fourier images of spatial part of
boundary problem performing Fourier transform with
respect to the transverse spatial coordinates. After al-
gebraic transformation and integration in the case of
Laguerre-Gauss type we have:
FLG (k⊥) = 2πCLGw
2
0e
ilφeiπq
(
k⊥w0
2
)l
×e−
k2
⊥
w20
2 Llq
(
k2
⊥
w20
2
)
~eφ (26)
Fourier transform in case of Bessel-Gauss pulse yields:
~FBG (k⊥) = 2πCBGw
2
0e
−
(β2+~k2
⊥
2 )I1 (k⊥βw0)~eφ (27)
Finally, performing Fourier transform in case of the
Hermite - Gauss pulse for arbitrary l, q we have:
FHG (kx, ky) = πw
2
0i
l+qe
−k2
⊥
w20
4
×Hl
(
kxw0√
2
)
Hq
(
kyw0√
2
)
(28)
For Airy-Gauss type of pulse we perform only numerical
culculations.
In our calculations of the spatial spectrum, we adopted
several solutions from the book [20] which contains inte-
grals involving special functions of mathematical physics.
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Figure 1: Lorentz-invariant mass of the Gauss, Laguerre-
Gauss (l = 1, q = 0), Bessel-Gauss, Hermite Gauss (symmet-
rical l = 1, q = 1) and Airy-Gauss light pulses. w0 is a pulse
waist at the plane z = 0, measured in numbers of the carrier
wavelengths λ0 = 404 nm . Numerical calculations were per-
formed with respect to the fixed full energy ε = 10 mJ and
pulse duration time tp = 0.539 ps or 400 periods of the carrier
wave.
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Figure 2: Lorentz-invariant mass of the Laguerre-Gauss pulse
as a function of the quantum number l, which corresponds to
the orbital angular momentum. Different lines correspond to
different parameters q.
Different structures of pulses significantly influence on
Lorentz-invariant mass and mean propagation speed of
each type of a pulse. To demonstrate this fact, we have
performed numerical calculations of integrals (6) and (7)
assuming that the total energy and time duration tp of
the pulses are fixed. Therefore parameters of calcula-
tions are: wavelength λ0 = 404 nm, waist w0 = 10λ0,
time duration tp = 400λ0/c = 0.539 ps, central frequency
ω0 = 2πc/λ0 = 4.7 · 1015 Hz, and full energy ε = 10 mJ.
The results for the mass are presented in Fig.(1-4), and
velocity dependencies are shown in Fig.(5). As can be
seen, the structure of the pulse directly affects Lorentz-
invariant mass, but these effects are non-negligible only
in the case of the wide spatial spectrum.
IV. CONCLUSION
In the present research Lorentz-invariant mass is calcu-
lated for structured light pulses in accordance with spe-
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Figure 3: Lorentz-invariant mass of Hermite - Gauss pulse as
a function of number l with different several parameters q.
Energy, duration and wavelength are fixed and the same as
in Figure (1,2). Pulse’s waist is chosen to be w0 = 10λ0.
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g16−10
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Figure 4: Lorentz-invariant mass as a function of energy for
different types. In this case duration, carrier wavelength,
pulse’s waist (w0 = 10λ0) are fixed. The functions are lin-
ear for all types of pulses, which indicates that velocity does
not depend on energy and defined by structure of a pulse.
cial relativity theory. Different pulses were described by
different boundary conditions induced by beams, com-
monly used in practice and special temporal envelope,
that provides the strict localization of pulses in the tem-
poral domain. Based on general analytical derivations,
all specific calculations were done numerically. The open-
access Python source code for the calculations is available
online [21]. In all calculations and derivations the vector
structure of the field was completely taken into account.
Obtained Lorentz-invariant mass appeared to be inde-
pendent of the pulse duration at the given full energy of
the pulse. On the other hand, Lorentz-invariant mass sig-
nificantly depends on the waist of the pulse in all cases.
Increasing of the waist leads to the decrease of Lorentz-
invariant mass Fig(1). This is not surprising since the
infinite waist corresponds to a plane wave, which mass
equals zero. Thus, significant effects associated with non-
zero Lorentz-invariant mass occur only at small w0. For
such w0, the paraxial approximation is not valid, hence
we perform the calculations numerically. By means of
Lorentz-invariant mass we found mean propagation ve-
locity of the pulse. It behaves in some way similar to the
mass. Mean propagation velocity is also independent of
the pulse duration and phase of the temporal boundary
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Figure 5: Relative deviation of mean propagation velocity of
Gauss, Laguerre-Gauss, Bessel-Gauss, Hermite-Gauss Airy-
Gauss pulses, calculated by means of Lorentz-invariant mass
(3) as a function of a pulse waist. Other parameters are fixed.
conditions. It significantly depends on the waist of the
pulse, but in contrast to the mass increases and tends
to c with the increase of the waist. Linear dependencies
in Figure(4) together with eq.(3) indicates independence
of mean propagation velocity of the pulse on its energy.
Moreover, mean propagation velocity does not depend on
the pulse duration, and as a result does not depend on
the average power. Consequently, mean propagation ve-
locity is fully defined by the space-time structure of the
pulse. In accordance with physical meaning, mean prop-
agation velocity determines the rest frame of pulses. We
believe that the structure of the field in its rest frame is
an interesting subject. Finally in present work we con-
sider coherent light pulses. The case of incoherent su-
perposition of different light pulses within the context of
Lorentz-invariant mass will be discussed elsewhere.
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